
Reconstruction of bowing point friction force in a bowed string
J. Woodhousea)

Department of Engineering, Cambridge University, Trumpington Street, Cambridge CB2 1PZ,
United Kingdom

R. T. Schumacherb) and S. Garoff
Department of Physics, Carnegie Mellon University, Pittsburgh, Pennsylvania

~Received 25 August 1999; accepted for publication 28 March 2000!

A method is presented for reconstructing the friction force and the velocity at the bowing point of
a string excited by a rosined bow sliding transverse to the string. Two versions of the method of
reconstruction are presented, each approximate in different ways, but both capable of sufficient
accuracy to allow useful application to problems of understanding frictional interactions in this
dynamical system. The method is illustrated with simulated data to verify its accuracy, and results
are shown for two contrasting cases of observed stick-slip string motion. As has been found in other
investigations, the friction force during sliding is not determined by the instantaneous sliding speed.
The results seem to be compatible with a thermally based model of rosin friction. ©2000
Acoustical Society of America.@S0001-4966~00!01507-1#
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INTRODUCTION

The excitation of autonomous oscillations in a stretch
string by drawing a bow transversely across it is though
have originated no later than the 10th century.1 The historical
reference to the earliest use in Islamic societies is accom
nied by the remark that the ‘‘string’’ of the bow, i.e., th
horsehair, has been rubbed with ‘‘pitch or resin.’’ The bo
has been used for musical purposes ever since, most fa
iarly in the instruments of the violin family. To achieve th
characteristic slip-stick oscillations whose nature was fi
identified by Helmholtz2 it is necessary to use a substance
an intermediary between string and bow that adheres s
ciently strongly to the string during the sticking part of th
motion, and that ‘‘softens’’ so as to encourage steady os
lations when the string dynamics breaks the adhesive b
and slipping occurs.

The intermediary substance has conventionally b
rosin, a solid distillate obtained from the pitch of conifero
trees. Rosin has extraordinary frictional properties wh
make it ideal for this purpose. A physically plausible the
retical model for the motion of a bowed string must ob
ously include a constitutive model for rosin friction. Expe
mental techniques and theoretical modeling developed
this purpose may have applications in other areas involv
stick-slip friction.

The behavior of frictional force and velocity at the co
tact region of a simple dynamical system excited into sti
slip vibration has been reported by Smith3 and Smith and
Woodhouse.4 Their system was a version of the prototypic
autonomous oscillator system of a system of a single m
on a spring with continuous excitation by a rosin-coated
moving at constant velocity. Because this system is
simple, it is straightforward to infer the frictional force from

a!Electronic mail: jw12@eng.cam.ac.uk
b!Electronic mail: rts@andrew.cmu.edu
357 J. Acoust. Soc. Am. 108 (1), July 2000 0001-4966/2000/108
d
o

a-

il-

t
s
fi-

il-
nd

n

h
-

or
g

-

l
ss
d
o

observations of the motion of the vibrating mass. The res
showed clearly that the frictional force could not be e
plained with a simple functional relation between the for
and velocity, as had been assumed in all previous discuss
of rosin-mediated slip-stick motion. An improved constit
tive law governing rosin friction is obviously needed. Bas
on their observations, Smith and Woodhouse4 proposed
models in which friction depends not on sliding speed but
contact temperature.

The oscillator used by Smith and Woodhouse in th
measurements necessarily had properties quite different f
those of a stretched string. To reconstruct the frictional fo
and the velocity of a real string at the bowing point fro
observations of the string’s motion is less easy, but a met
of doing this was first described by Schumacher.5,6 We report
here a further development of that method, backed by m
extensive experimental results. With care, the velocity o
string at the bowed point can be observed directly and n
invasively by the use of a laser-Doppler vibrometer, b
there is no corresponding direct method of measuring f
tional force. The reconstruction method overcomes the d
culties of direct observation by using the signals from for
transducers that serve as the fixed terminations of the str
Both the frictional force and the string velocity at the bo
can be deduced from these transducer signals. The appr
has the advantage of not disturbing the motion of the str
or interfering with the physical properties in the vicinity o
the friction contact.

We present first the governing equations, then desc
two alternative methods for reconstructing the force and m
tion at the bowing point. One of the methods allows reco
struction for all motions of the string, including particular
the nonperiodic motions that occur during the initial transie
part of the motion. In its present implementation this meth
is limited by a requirement that the string terminations
effectively rigid. The dispersive effects of propagation alo
the string are included by a time-domain approach based
357(1)/357/12/$17.00 © 2000 Acoustical Society of America
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FIR digital filters. The second method could more readily
applied if the terminations were not rigid, so that their d
namics have an effect on the string’s motion. However, t
method can only be applied to periodic motions of the str
since the crucial stage of the analysis is carried out in
frequency domain. Both methods are limited to excitation
a bow whose dynamics can be neglected. To achieve th
the laboratory we use as a ‘‘bow’’ a rosin-coated glass
rigidly attached to a massive sled that is computer contro
to move in a precisely-defined way.

To illustrate the reconstruction methods, they are
plied to measured signals from the experimental syst
Some typical results are shown, and their significance
cussed. To assess the accuracy of the approach we also
them to simulated signals, obtained using a model of ro
friction proposed by Smith and Woodhouse4 and embodying
a reasonably accurate representation of the transverse
torsional dynamics of the string used in the experimen
tests. In this case the correct velocity and force at the bo
point are known from the simulation, so that a direct asse
ment of the accuracy of the method is possible.

I. THEORY

Figure 1 shows two space–time~or characteristic! dia-
grams relating to the trajectories of propagating transve
waves on the string that are relevant to events at the
~horizontal dashed line! at time t. Time runs horizontally,
and position along the string runs vertically. In Fig. 1~a! are
shown the two incoming and two outgoing waves, deno
v i1 , vo1 , v i2 , vo2 . For an ideal string with tensionT and
mass per unit lengthm, these quantities suffice to determin
the velocityv and the forcef at the bow. The velocity fol-
lows by continuity, in the two alternative expressions

FIG. 1. Space–time diagrams of traveling velocity waves on the st
which interact at the bowed point at a particular instant. Horizontal a
time; vertical axis: distance along the string; horizontal dashed line: b
position; vertical dashed line: required timet. Labeling of trajectories is
described in the text.
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v5v i11vo15v i21vo2 . ~1!

Corresponding expressions for the force are given by
following argument. In the absence of a force applied at
bow, the two incoming waves would simply carry on u
changed as the outgoing waves. The effect of the app
force is to generate an additional velocity wave which ra
ates equally in both directions outwards from the bow, th
modifying both outgoing waves relative to the incomin
waves. For an ideal string the additional outgoing veloc
wave has magnitudef /2Z, where

Z5ATm ~2!

is the wave impedance of the string. It follows that

f 52Z~vo12v i2!52Z~vo22v i1!. ~3!

Equality of these two expressions is readily shown to
equivalent to equality of the expressions in Eq.~1!.

The strategy now is to express the incoming and out
ing velocities at the bow in terms of the forces on the term
nations at earlier and later times determined by the propa
tion times from the terminations to the string. For this w
need a larger portion of the characteristic diagram, show
Fig. 1~b!. Following one segment of trajectory some notati
can be defined. Consider a velocity wave leaving the b
denotedu1 in Fig. 1~b!. By the time this wave returns to th
bow it has been modified by various linear processes. F
the wave propagates to the end of the string, during wh
journey some dispersion and dissipation take place. Thi
represented by convolution with a functiond1 , the convolu-
tion operator being denoted ‘‘* .’’ The wave now reflects
from the string termination, a process represented by con
lution with a functionr 1 . Finally, the wave propagates bac
to the bow, represented by a second convolution withd1 .
These stages are all labeled in the figure, together with s
lar sequences for the other initial velocity waves deno
v1 , u2 , v2 . The time delays denotedd1 , d2 are assumed to
be incorporated within the definitions of the transmissi
functionsd1 andd2 .

The forces exerted by the terminations on the string
now

f 1~ t2d1!5Z~r 1* d1* u12d1* u1!, ~4a!

f 1~ t1d1!5Z~r 1* d1* v12d1* v1!, ~4b!

f 2~ t2d2!5Z~r 2* d2* u22d2* u2!, ~4c!

f 2~ t1d2!5Z~r 2* d2* v22d2* v2!. ~4d!

If the terminations are rigid, these reduce to simpler for
because the reflection process becomes a simple multip
tion by 21. Then,

f 1~ t2d1!522Zd1* u1 , ~5a!

f 1~ t1d1!522Zd1* v1 , ~5b!

f 2~ t2d2!522Zd2* u2 , ~5c!

f 2~ t1d2!522Zd2* v2 , ~5d!

g
:

w
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so that the~measured! force waveforms are equal~apart from
a scalar multiplication by 2Z) to the velocity waveforms sen
out from the terminations towards the bow.

Equations~4!, or ~5! if appropriate, can be used to pro
vide the needed velocitiesv i1 , vo1 , v i2 , vo2 if they can be
deconvolved, that is, if they can be solved for the velocit
in terms of the measured termination forces. There are
approaches to the problem of eliminating the velocities
favor of the termination forces, depending on whether o
works in the time domain or the frequency domain. If t
termination is rigid and the dissipation during one transit o
wave between bow and termination is small, then a sim
time-domain approach is possible which uses digital filters
effect the solution. In the absence of dissipation on
string, the functionsd1 andd2 are all-pass filters represen
ing the dispersive propagation on the string. These functi
can be represented as FIR digital filters, by virtue of an
plicit expression for the propagation of an impulse along
stretched string with nonzero bending stiffness due to Sc
described by Woodhouse.7 The velocity at positionx after
time t is given approximately by

v~x,t !'
31/6~kp

211!2/3

22/3~2kp
213!1/2t̄ 1/3

Ai F2S 3 t̄

2
D 2/3

kP
2

~kP
2 11!1/3G ,

~6!

where Ai is the Airy function,kp is a stationary-phase wav
number satisfying

kP
2 5

124t21~118t2!1/2

8t2 , ~7!

and

t̄ 5t
T

ABm
, x̄5xAT

B
~8!

are nondimensional time and distance, witht5 t̃ / x̄ and
whereB is the bending stiffness of the string. In practice, it
necessary to apply an antialiasing low-pass filter to this fu
tion, as illustrated by Woodhouse.7

Now it is a property of any such all-pass digital filte
that its inverse may be obtained simply by time revers
This reversal is an anticausal filter, which advances the
nal in time while ‘‘de-dispersing’’ it. This is precisely wha
we need to obtain the outgoing velocity wavev1 from the
velocity wave at the termination,d1* v1 , and similarly forv2

andd2* v2 . Denote these inverse filtersd1
21, d2

21. The four
velocity waves needed to reconstruct the force and velo
according to Eqs.~1! and ~3! are then given by

v i15d1* f 1 /~2Z!, ~9a!

v0152d1
21

* f 1 /~2Z!, ~9b!

v i25d2* f 2 /~2Z!, ~9c!

v0252d2
21

* f 2 /~2Z!. ~9d!

Provided the assumptions of this model are satisfi
these equations give a way to find the velocity and fo
under the bow from arbitrary waveformsf 1 and f 2 , includ-
359 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
s
o

n
e

a
le
o
e

s
-

a
tt,

-

l.
g-

ty

d,
e

ing initial transients. If the assumptions are not satisfied
particular if the string terminations are sufficiently nonrig
to influence the dynamics of the vibration, then things b
come more difficult. In principle it might still be possible t
design an inverse digital filter to deconvolve the effects
reflections at the terminations, but this is likely to be difficu
in practice. If this problem must be grappled with, it is eas
to work in the frequency domain, where the operations
convolution and deconvolution are replaced by algebraic
erations with transfer functions. The price of this approach
that it can only be implemented robustly when the measu
signalsf 1 and f 2 are periodic to reasonable accuracy.

For deconvolution in the frequency domain, the da
must first be made digitally periodic by resampling it into
form that has an integral number of samples per period o
at least a few periods, so that the data excerpt which will
processed is cyclic. Now Eqs.~4! can be Fourier trans
formed: transforms of each quantity are denoted by co
sponding upper-case letters:

U15
F1

del

ZD1~R121!
, ~10a!

V15
F1

adv

ZD1~R121!
, ~10b!

U25
F2

del

ZD2~R221!
, ~10c!

V25
F2

adv

ZD2~R221!
. ~10d!

The superscripts ‘‘del’’ and ‘‘adv’’ refer to the transforms o
f j (t2d j ) and f j (t1d j ), respectively. These expressions a
then used in Eqs.~1! and ~3! to obtain the expressions fo
bow force and velocity transforms, which are finally inver
transformed to the time domain.

The limitation on the reflection functions is no long
required, but the reflection functions must nevertheless
known. We will describe in the next section how the tran
mission functions are obtained from a combination of the
and fitting to plucked data. For our particular apparatus
was not necessary to determine reflection functions since
terminations were sufficiently rigid to allow reasonable r
constructions assuming perfect delta-function reflection
havior. However, if it were desired to apply the method
bowed strings attached to a real violin body, an additio
procedure would be necessary to identify the reflection fu
tion. The simplest way to obtain a first approximation to th
would be to measure the input admittance at the instrum
bridge, and then use a theoretical expression given by Wo
house@Ref. 7, Eq. ~6!#. It should be pointed out that, o
course, the frequency-domain method can equally well
applied to rigid-termination data, as is needed by the tim
domain method described above, subject to the limitat
that a suitably periodic region of the bowed data set can
found.
359Woodhouse et al.: Reconstruction of friction force in bowing
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II. PLUCK TESTS

To accomplish the reconstruction of the events at
bowing point, one needs, in addition to the termination fo
waveforms, the gains of the two input channels of the fo
transducers, and accurate values for the time delays from
bowed point to the two terminations. In addition, one nee
to know the string’s wave impedance, and information ab
wave dispersion, which is to be expected as a result of
string’s bending stiffness. Good estimates of these quant
can be obtained from a calibrated pluck of the strin
achieved by breaking a fine wire at the bowing point a
recording the subsequent termination signals. The wire
use is 44 gauge copper magnet wire, for which independ
measurements have determined that the breaking stre
when looped around the string is 1 N, with an uncertainty
about 3%. The string that will provide the illustrations us
in this paper is a violin E string, constructed of plain ste
wire with no wrappings. In our experiments the string leng
L50.314 m. For a fundamental frequency of 660 Hz, t
tension of this string is 72.5 N and the wave impedance
Z50.175 Ns/m.

The solid lines in Figs. 2~a! and 2~b! show the measured
force signals from a pluck at a distance from the nea
termination ofbL whereb50.3. The growing oscillations
that precede each step in the signals show the effect of
persion. It is easy to compute the theoretical form of su
pluck responses, if it is assumed that the wave propaga
behavior on each section of the string is governed by tra
mission functionsd1 andd2 which are~suitably filtered! ver-
sions of the theoretical expression equation~6!. The two time
delays, the gain factors for the transducers and their am
fiers, and the bending stiffness can all be determined by b
fitting the simulated responses to the measured ones: th
sult is shown as the dashed lines superimposed on
measurements in Fig. 2. The fit between theory and meas
ment is generally excellent, giving some confidence in
use of these transmission functions for the deconvolu
process. The value of the bending stiffnessB was found to be
4.731025 N m2. This value is in good agreement with e
pectation: for a circular wire of radiusa, the theoretical value
is

B5pEa4/4, ~11!

and with E5210 GPa and a measured radiusa50.13 mm,
this gives the same result within the measurement un
tainty.

The most obvious area where the signals do not q
agree is just after the first force step in Fig. 2~a! or 2~b!: the
theory predicts constant force whereas the measurem
shows some variation. This is probably evidence of nonrig
ity of the termination, so that resonances of the support st
ture are excited by the step in force. Having determined
transmission functionsd1 andd2 as above, it might be pos
sible in principle to use the pluck response data to find
reflection functionsr 1 and r 2 needed to describe this nonr
gidity, by attributing to them the disparity between the th
oretical and measured step responses. If the reflection f
tions are short compared to the reflection times on the str
extraction might be relatively straightforward. However,
360 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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the reflection functions involve long reverberation~as they
would if the string were mounted on a real violin!, the ex-
traction process could be expected to be very tricky. For
initial study the terminations will be assumed to be rigid.

Each time a run is made on the apparatus, a corresp
ing pluck test is also made. The fitting procedure just d
scribed is then used to determine the correct time delay
the ends of the string, and the gain factors for the transd
ers. This takes into account any variations in string tens
position of bowing point, and transducer performance. T
bending stiffness is kept constant at the value stated ab
since there is no reason to expect this to vary from day to
with a given steel string.

III. RECONSTRUCTION OF VELOCITY AND FORCE

A. Time-domain reconstruction

Having analyzed the pluck response to obtain the ti
delays and so on, the time-domain reconstruction of a bow
signal is now straightforward to carry out. Example resu
will be shown from a run with the bowing point atb50.3 as
appropriate to the pluck results already shown, with a norm
force between rod and string of 0.3 N. The rod was of gla

FIG. 2. Measured~solid! and theoretical~dashed! waveforms of force at the
string’s terminations following a pluck:~a! end nearer to pluck position and
~b! end remote from pluck position.
360Woodhouse et al.: Reconstruction of friction force in bowing



FIG. 3. Results for nearly periodic motion from a typical experimental run with the glass bow:~a! measured forces at the string’s terminations;~b! waveforms
of the deduced bowing-point velocity from Eqs.~1!; ~c! waveforms of the deduced bowing-point friction force from Eqs.~3!; and~d! velocity/force trajectory
of the data shown in~b! and ~c!. In ~c!, the segments of heavy horizontal line indicate the times of slipping deduced from~b!.
t
,
h
in
a
a

d.
a
g

pi
ina
d
r-
n
-

w
,
he

a

ti

ime
een
l
be-
nts
e
less
re-

ry
elf-
ve-
ch
y.
n,
is
tly

or-

uc-
a-
eath
with a diameter of 6 mm and a surface finish smooth
within 5 mm. It was coated not with ordinary violin rosin
which contains unknown chemical impurities, but with tec
nical grade abietic acid, the principal constituent of ros
The abietic acid was dissolved in ethanol, and the rod w
drawn vertically from a container of this solution so that
uniform layer was deposited when the solvent evaporate

To excite the string into vibration, the rod was driven
a ‘‘bowing’’ speed of 0.2 m/s. After a transient, the strin
settled into a reasonably periodic oscillation regime. A ty
cal portion of the two measured force signals at the term
tions is shown in Fig. 3~a!. These signals have been digitize
at a rate of 128 kHz, with 16-bit resolution. As is not su
prising at this very large value ofb, the string has not chose
to oscillate in the ‘‘Helmholtz motion’’ which violinists usu
ally require.2 This would involve a single ‘‘corner’’ or ve-
locity jump moving on the string, and would result in a sa
tooth wave for both termination force signals. Instead
more complicated regime is established, one of the ‘‘hig
types’’ analyzed by Raman.8

The two versions of the reconstructed velocity sign
under the bow, given by Eq.~1!, are shown in Fig. 3~b!. To
produce the best possible versions of these, the calibra
361 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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results from the pluck test have been fine-tuned: the two t
delays and the relative gain of the two sensors have b
slightly adjusted by searching in the vicinity of the initia
estimates in order to minimize a measure the difference
tween the two estimates of the velocity. These adjustme
are extremely small, within the limits of uncertainty of th
calibration procedure using the pluck data, but neverthe
result in a perceptible improvement in the quality of the
sults.

It is satisfying to see that the two waveforms are ve
similar, so that the reconstruction process is at least s
consistent. The waveform shows approximately constant
locity, oscillating around the bow speed, for most of ea
cycle, followed by a short spell of high negative velocit
This may be tentatively interpreted as a stick-slip oscillatio
with a single slip per cycle. The measured velocity, which
the transverse velocity of the string’s center, is not exac
equal to the bow speed during sticking, due mainly to t
sional motion of the string.9–11 We return to this issue in
some detail in Sec. IV. It is possible to check the reconstr
tion of the string-center velocity waveform by a direct me
surement. A small magnet can be positioned close ben
the string at the bowed point. As the~metal! string vibrates,
361Woodhouse et al.: Reconstruction of friction force in bowing
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a voltage is induced across its ends which is proportiona
the velocity through the magnetic field.9 After suitable am-
plification, this signal can be displayed and compared w
the reconstruction. The resolution of this method is limit
by noise and by spatial spread of the magnetic field,
within the measurement accuracy the results are indis
guishable from the reconstructed velocity waveform.

The corresponding reconstructed force signal is sho
in Fig. 3~c!. Again, two versions are shown, corresponding
the two expressions in Eq.~3!. Comparing Eqs.~1! and ~3!,
the difference between the two estimates of reconstru
force is the same as the difference of the two reconstru
velocities~apart from a factor 2Z). Because the variation o
force is much less than that of velocity, this difference sho
up more clearly in the force plot. Even so, the two curves
very similar, differing only in local details rather than i
major features. Note that the amplifiers for the force sens
are ac-coupled, so that the force signal as computed here
a zero dc level. In practice, there must be a nonzero m
friction force opposing the direction of mean sliding—th
would give the force a positive dc value in Fig. 3~c!. A value
for the missing dc level will be estimated shortly. This iss
did not arise with the velocity signals, because for a perio
motion the velocity waveform cannot have a nonzero
value, otherwise the string would have a net displacem
after one cycle.

The time range of Fig. 3~c! is identical to that in Fig.
3~b!, and it is interesting to note that the intervals of slippi
do not stand out to the eye in the force waveform—th
intervals are indicated by the heavy lines at the top of
plot. Comparing carefully, it can be seen that the force
high at the start of slipping, and reduces during the period
slipping. This has a striking consequence if the results
plotted in a different way. Until now, virtually all modeling
of bowed-string motion has assumed that the friction forc
determined by the sliding speed. If we test this idea by p
ting force against sliding speed, as in Fig. 3~d!, we see that
the traditional assumption is not valid: instead of a sin
curve, the results show a hysteresis loop in a coun
clockwise sense.~To produce this plot, the average of th
two versions of the reconstructed force and the averag
the two velocity reconstructions have been used.! Similar
hysteresis loops have been seen in other measuremen
rosin friction.4 It has been suggested that the variable wh
governs the friction force is not in fact sliding speed, but t
rosin temperature in the contact region. Since the contac
bodies have some thermal inertia, changes in temperatur
behind changes in sliding speed, producing a hysteresis
in the sense observed here.

Figure 3~d! allows us to make a guess at the unknown
level of the friction force. Since the shape revealed here
very reminiscent of those found in other experiments us
rosin,4 one might expect the absolute level of the coefficie
of friction to be comparable. This would be achieved
adding approximately 0.5 to the coefficient of friction,
that it ranges from about 0.4 to 0.9 in the hysteresis lo
That in turn corresponds to adding a dc force of the orde
0.15 N in Fig. 3~c!.

The time-domain reconstruction method should wo
362 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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equally well during nonperiodic portions of the signal. As
illustration, Fig. 4 shows the reconstructed velocity and fo
signals from the same experimental run, around the time
the initial transient when the first stick-slip events occ
Again, both versions of the velocity and of the force a
shown superimposed. Again, the agreement between
pairs is very good. In this initial stick-slip motion, somethin
closer to the Helmholtz motion is seen: the right-hand half
Fig. 4~a! shows proportions of sticking time to slipping tim
roughly in the ratio (12b):b, which is the Helmholtz char-
acteristic. In the nearly periodic data shown in Fig. 3~b!,
slipping occupied a much smaller fraction of the period. T
tendency of Helmholtz motion to be unstable to regimes w
shorter slip times, when bowing with largeb, has been noted
by previous authors.12,13 This is one reason why in conven
tional violin playing, b is usually kept rather small excep
when special effects are wanted.

B. Frequency-domain reconstruction

We now turn to the alternative reconstruction algorith
operating in the frequency domain. The procedure can
illustrated using the same measured data as shown in Fi

FIG. 4. Results from the initial transient of the experimental run shown
Fig. 3: ~a! deduced bowing-point velocity and~b! deduced bowing-point
friction force.
362Woodhouse et al.: Reconstruction of friction force in bowing
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As a first stage, the data is resampled so as to produc
integral number of samples per period. For a string adjus
to 660 Hz, the number of samples per period for our sa
pling rate of 128 kHz is 193.94. A region is selected of ab
seven periods of the bowed data showing good periodic
This region is resampled to 200 samples per period, and f
that six contiguous periods are selected. Thus the transfo
direct and inverse, are 1200 samples long. The resamplin
done by Fourier interpolation. The reconstruction now
quires the evaluation of the data at delayed and advan
times. These are not in general integer numbers of sam
so an interpolation scheme is used. Good estimates of
delay times have already been found by analysis of the p
response. As in the time-domain approach, these can be
tuned by a local search during the reconstruction proces
minimize the difference between the two estimates of fo
~or velocity!.

The reconstruction is now carried out using the eq
tions given in Sec. I. Figure 5 shows a comparison betw
the reconstruction of the bowing force and velocity using
time-domain and frequency-domain methods, for the sa

FIG. 5. Comparison of time-domain and frequency-domain reconstruc
~a! deduced bowing-point velocity and~b! deduced bowing-point friction
force. Solid lines: time-domain results; dashed lines: frequency-domain
sults.
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section of data shown in Fig. 3. It is very reassuring to s
that the two methods give answers which differ from o
another by about the same amount as the differences se
either method separately between the alternative estimate
force and velocity. It seems that whichever way the detai
computation is done, the results are consistent within
bounds shown by Figs. 3 and 5.

C. Reconstruction of simulated data

The next step in assessing the accuracy of the metho
to use it to reconstruct signals where the correct answe
known by independent means. The only way to do this
present is to use simulated data. A bowing simulation
been constructed which is reasonably close to the behavio
the physical apparatus as used to generate the results of
3–5. The general approach to such simulations has been
scribed in detail in previous papers.14,15 The correct proper-
ties were used for the tension, impedance, length, and b
ing stiffness of the string. Approximately correct Q-facto
for transverse modes of the string were included, usin
‘‘constant-Q reflection function’’ described in a previou
paper.16 The measured Q-factors for the experimental str
were in the range 500–1000 up to 6 kHz, rising to 100
2000 above that. The model was able to achieve Q-fac
around 1000 up 5 kHz, falling gently at higher frequencies
about 600 by 10 kHz because of the filter applied to
stiff-string response, Eq.~6!. The bowing speed, norma
force and position were matched to the experiment, as
the sampling rate. A plausible model for the torsional beh
ior of the string was used, with a torsional-to-transve
wave speed ratio of 7, a torsional-to-transverse impeda
speed ratio of 3.5, and torsional Q-factors set to a cons
value 15 using another version of the constant-Q reflec
function.

Finally, the frictional behavior of the rosin was repr
sented by a thermal model described by Smith and Wo
house.4 Friction force is regarded as arising from plas
yielding of a thin layer of rosin in the contact region, with
yield strength which varies with temperature in a mann
deduced from steady-sliding experiments in a differe
apparatus.4 The estimates of the contact size and layer thi
ness will be discussed in the next section, when the phys
evidence of the track left in the rosin surface on the glass
will be examined. The other thermal properties of rosin we
as described in the earlier work. The thermal conductivity
the metal string was assigned a value which was the geo
ric mean of the values for rosin and steel, to model in a cru
way the fact that a layer of rosin is transferred to the str
very quickly, and this layer shields the high-conductivi
metal from the rapid temperature variations in the thin la
of deforming rosin. This modified value was found to giv
more realistic results than using the conductivity of st
unmodified.

When this simulation was run, it produced a transie
leading after a while to accurately periodic motion of t
string. The transverse forces exerted on the two terminat
of the string were stored in the same format as the raw d
gathered during the experiments. The simulation progr
was also used to generate corresponding results of a s

n:

e-
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lines,
the
FIG. 6. Results of analysis using simulated bowing-string motion as described in the text, presented in the same form as Fig. 3:~a! forces at the string’s
terminations;~b! waveforms of the deduced bowing-point velocity from Eqs.~1!; ~c! waveforms of the deduced bowing-point friction force from Eqs.~3!; and
~d! velocity/force trajectory of the data shown in~b! and~c!. In ~b! and~c! the two versions of the deduced waveforms are plotted with solid and dashed
while the correct waveforms from the simulation are plotted dotted. In~d! the correct trajectory obtained from the simulation is shown dashed, while
deduced trajectory is shown solid.
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lated pluck test. The procedure for time-domain reconstr
tion of experimental results was then applied, exactly a
was used with experimental data. Results pertaining to
periodic part of the response are shown in Fig. 6, in the sa
format as those of Fig. 3, with the same axis scalings.

Although it does not particularly matter for the purpo
of checking the accuracy of the reconstruction procedure
is encouraging to see that the simulation has resulted in
similar waveforms to those seen in the experiment. The s
regime of oscillation has been chosen by the model str
from among the many which are possible in principle. T
‘‘termination force’’ signals, shown in Fig. 6~a!, are of simi-
lar magnitude and form to those of Fig. 3~a!. The recon-
structed velocity waveforms, in Fig. 6~b!, show stick-slip
motion very similar to Fig. 3~b!. In the case of the simula
tion, there is no doubt that the motion really does invo
sticking, and that the oscillatory velocity signal seen dur
the sticking intervals is exactly compensated by torsio
motion. Whether this is entirely true for the experimen
string will be considered in the next section. The prec
form and frequency content of the oscillations during stic
364 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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ing are somewhat different from those in the simulatio
which may arise from errors in the assumed friction mode
from incorrect values for the torsional properties of t
string, especially the frequency-dependent torsional da
ing, since there is no reliable published measurement of
quantity for any violin E string.

The two versions of the reconstructed velocity wav
form from Eqs.~1!, shown as solid and dashed lines, al
compare well with the exact answer, which was stored d
ing the simulation and is superimposed here as a dotted
The same is true of the force waveforms, shown with
same plotting conventions in Fig. 6~c!. In the simulation, the
termination forces have the correct dc level, so that the
constructed force has a dc level which is missing from F
3~c!. Apart from this, the magnitude of the oscillating com
ponent of the force is rather bigger for the measured d
However, a careful comparison of Figs. 3~c! and 6~c! shows
a very good correspondence of the pattern of major featu
In both cases the largest positive value of the frictional fo
occurs at the onset of slipping, exactly as one would exp
364Woodhouse et al.: Reconstruction of friction force in bowing
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since it is presumably the occurrence of a high force wh
causes slipping to occur.

As shown by Fig. 6~d!, when the reconstructed resul
are plotted in the force/velocity plane a hysteresis loop
seen, similar to that generated by the measured signals
circulating in the same counterclockwise sense. The ‘‘c
rect’’ answer from the simulation is shown dashed. T
matches the reconstructed version quite accurately. Note
this comparison draws attention to fine details of the fo
and velocity waveforms during the intervals of slipping on
During sticking, the force fluctuates while the transverse
locity of the string stays approximately constant, resulting
the patch of ‘‘scribble’’ to the right of the figure. If the
surface velocity, rather than the center velocity, had b
used for the horizontal axis, this patch would have appea
as a single vertical line.

These results can be combined with those from the p
vious section to give a good idea of the overall accuracy
the reconstruction process. A quantitative discussion of
issue requires comparisons between waveforms which
very similar to the eye, so that a numerical measure of
ference is required. Various measures are possible, leadin
similar conclusions: the following discussion is couched
terms of a normalized rms value of the difference of for
waveforms:

D5F ( j~ f j
~1!2 f j

~2!!2

( j f j
~1!2

1( j f j
~2!2G 1/2

, ~12!

where f j
(1) and f j

(2) ( j 51, . . . ,N) are the sampled values o
the two waveforms being compared. Both waveforms
zero-meaned before this computation. This normalizat
produces the value unity for uncorrelated signals. Fo
rather than velocity is chosen because differences are sh
more conspicuously, and because the determination of f
is the main objective of this study.

By this measure the rms difference between the two v
sions of the force waveform shown in Fig. 6~c! is D50.07.
When the mean of these two waveforms is compared to
true force from the simulation, the difference isD50.042.
Numbers of this order set a limit to the accuracy which c
be expected from the reconstruction method in its curr
form—the simulated data has no measurement noise, an
underlying dynamical model matches the assumption of
theory used here, so that the differences found here are
to the processing alone. It is, of course, possible that
details of the processing could be improved to reduce th
errors further.

The calculated difference of the two force waveform
shown in Fig. 3~c! is D50.20. It is not surprising to get a
bigger difference than for the simulated results, since
experimental results have several additional sources of e
measurement noise, possible misalignment of the two fo
sensors with respect to the plane of motion, incorrect rep
sentation of the transmission functiond(t) and its inverse,
neglect of the reflection functionr (t), and so on. However
one would tentatively conclude from the magnitude of t
difference that the mean of the two force estimates migh
within 10% or so of the true force. When the comparison
365 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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made of the two versions of the force waveform reco
structed by the frequency-domain method, used in Fig. 5,
result is D50.29. The difference is somewhat bigger th
that found with the time-domain method, suggesting that
ditional errors arise in this approach, probably from no
introduced in frequency ranges where the expressions in
denominators of Eqs.~10! have small magnitude. The time
domain method, in which deconvolution is achieved by t
time-reversal trick, does not involve any comparable mec
nism of amplifying noise.

IV. RECONSTRUCTION OF TORSIONAL MOTION

The underlying purpose of these experiments is to e
cidate the physical mechanisms and behavior of friction
the rod–string contact. It has been shown that the metho
capable of giving reasonably convincing versions of t
waveforms of friction force and string transverse veloci
However, for a detailed discussion of the micromechanics
friction, the relative motion of the two surfaces is neede
This is somewhat obscured by torsional motion of the stri
which cannot be directly observed by the method descri
here. It would be useful to obtain at least an estimate of
torsional motion.

We can do this by combining the friction force alread
determined with a theoretical model of torsional response
is straightforward to convert part of the simulation progra
used to generate the data of Fig. 6 to this purpose. The
erage of the two versions of the friction force computed
the time-domain method is taken as the best available e
mate of force throughout the transient, and this used as in
to a linear model of torsional response. The model opera
in the time domain, using constant-Q reflection functions16

It should be emphasized at the outset that there is no d
experimental support for this particular form of reflectio
function for a solid steel string. The most relevant data
torsional behavior of musical strings came from studies
cello strings, which all had a core1wrapping construction.
For these strings it was shown that the first few torsio
modes were harmonically spaced to reasonable accuracy
had approximately constant Q-factors.16 Constant-Q reflec-
tion functions give the simplest way to reproduce this beh
ior.

The model requires as input parameters the torsio
wave speed, impedance, and damping. We have reason
first estimates for the first two of these quantities, based
the standard elastic properties of steel wires. The damp
can only be guessed: a number of the order of tens would
consistent with existing data. All these values can be
justed by searching in the vicinity of the initial estimate
with the aim of minimizing the fluctuation of aggregate v
locity, transverse plus torsional, during a typical interval
sticking. If the model were perfect and the string were tru
sticking to the rod during these intervals, it should be p
sible to reduce these fluctuations to zero.

Not surprisingly, it is not possible to achieve this perfe
match, but encouraging results can be obtained. The m
striking illustration comes from a different experimental ru
from the one examined so far. When the bowing point w
close to b5 1

4, data was obtained which led to a reco
365Woodhouse et al.: Reconstruction of friction force in bowing
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structed string-center velocity waveform with unusua
large fluctuations of velocity during sticking. A typical po
tion, where the motion was almost periodic, is shown as
solid line in Fig. 7. The dashed line superimposed on t
figure shows the best estimate of the reconstructed torsi
motion—it is clear that the waveform is rather close to
mirror image of the transverse velocity during sticking,
that the sum of the two has much smaller fluctuations. In
case, it is easy to believe that at least the majority of
observed velocity fluctuation is caused by torsional moti
The best-fitting torsional wave speed in this case was c
to eight times the transverse wave speed, which account
the large amplitude of torsional motion. Withb5 1

4 the sec-
ond harmonic of the frequency of ‘‘Schelleng ripples’’9–11 is
approximately in resonance with the fundamental torsio
mode. The fitted estimate of torsional speed is consis
with the expected result based on typical handbook va
for the density and shear modulus of steel, bearing in m
that the precise values of these quantities are not avail
for the ~unknown! particular steel of this E string.

This procedure for estimating torsional motion using t
reconstructed force waveform has been applied to other c
as well. In all cases, the magnitude of the velocity fluctu
tions during sticking is predicted well, and the detailed m
tion is matched reasonably well. Also, the best fit is alwa
obtained when the torsional wave speed is around eight ti
the transverse wave speed, suggesting that this admitt
indirect observation of torsional speed is indeed appro
mately correct. However, the estimated waveform of t
sional velocity should not be regarded as accurate in all
tails. It is based on a theoretical model, involving t
constant-Q reflection functions, for which there is only re
tively sketchy validation, and the resonant nature of the
sional waves on the string makes the fine details very se
tive to errors in the friction force waveform. A simila
reconstruction can be made for the transverse motion, u
the inferred friction force waveform and the correspond
theoretical model for transverse motion. In this case the
sults can be compared with the known answer, and they

FIG. 7. Reconstructed bowing-point velocity~solid line! and reconstructed
surface velocity due to string rotation~dashed line! as described in the text
366 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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out to be rather poor, presumably because the transvers
verberation time is much longer. It should be noted that
accuracy of the frictional force in this example is probab
significantly lower than was the case for the results shown
Fig. 3. When the difference of the two versions of the for
is computed the result isD50.36, much larger than the pre
vious case.

We can obtain some further information about the m
tion in this case by looking at the track left in the ros
surface after the experiment. As has been shown p
viously,17 stick-slip events leave tell-tale marks in the ros
In this case, a section of the rod from the test was coa
with a thin layer of gold and examined in a scanning elect
microscope. A typical portion of the friction track is show
in Fig. 8~a!. The details should be compared with the tim
history of relative displacement between string and r
shown in Fig. 8~b!, obtained by integration of the differenc
between the velocity waveform shown in Fig. 7 and t
known rod speed. The motion has two slips per cycle, w
approximately equal slip distances. These are separate
intervals of sticking which have left conspicuous scars in

FIG. 8. ~a! Scanning electron micrograph of part of the track left in the ro
surface after the bowing run used to compute Fig. 7.~b! Waveform of
distance along the glass rod moved by the center of the string during
run, deduced by integration of the solid curve in Fig. 7.
366Woodhouse et al.: Reconstruction of friction force in bowing
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rosin surface. One of the intervals of sticking is very sho
leaving a narrow mark each time. The longer interval
sticking involves, as we have just seen, large amplitude
torsional motion. This has resulted in relatively large sc
on the rosin surface, where the material has been churne
Figure 8~b! also shows that some ‘‘creep’’ has occurred d
ing these long intervals of ‘‘sticking:’’ the torsional oscilla
tions are superimposed on a nonzero steady velocity dif
ence. The slips show in the picture as relatively smo
surface marked by lines parallel to the slip direction. The
are evidence of large deformation in a thin surface layer
the rosin, qualitatively compatible with the theory advanc
by Smith and Woodhouse involving shearing of a layer
rosin, generating significant heating in the process.4

Much might be learned about the physical mechanis
underlying the friction force deduced by the reconstruct
process by examining the details of such friction tracks. E
amples can be found of brittle fracture, ductile failure, a
delamination failure at, or close to, the rosin/glass interfa
Information can be gleaned about the thickness of the ro
layer and of the actively deforming layer during slippin
and about the interaction of torsional motion, heating of
rosin, and creep deformation. These are all topics for la
stages of this continuing investigation. For the moment, i
sufficient to deduce from this figure that the reconstruc
velocity waveform matches very well, both qualitatively a
quantitatively, the pattern of physical traces left in the ro
surface.

V. CONCLUSIONS

A method has been presented for reconstructing
waveforms of friction force and string velocity on a bowe
string, at the point of bowing. The method uses measu
ments of the transverse forces at the two terminations of
string, together with calibration data from the results o
controlled pluck of the string. It has been shown to perfo
well on simulated signals, where the answer is known
advance. It also performs well, so far as can be establis
on real data obtained from a laboratory rig in which a vio
E string is bowed with a rosin-coated glass rod. The veloc
waveforms obtained by this procedure can be checked
independent methods, and always seem to be reliable.
friction force at the contact point cannot be measured
rectly, so this procedure provides a totally new source of d
to check and refine theoretical models of the process of
bration excitation by friction.

The key feature of the reconstruction method is that
measured force signals must be propagated both forw
and backwards in time and space to establish what hap
at the bowed point. Working forwards in time involves co
volution with a suitable function to describe the dispers
propagation characteristics of waves on the string. Work
backwards involves deconvolution with this function, pote
tially a more difficult undertaking. Two approaches ha
been illustrated. The first operates in the time domain
achieves the deconvolution using the fact that if we are o
dealing with dispersion and not dissipation, the effect
propagation is represented by an all-pass filter, whose
verse can be obtained by simple time reversal. The sec
367 J. Acoust. Soc. Am., Vol. 108, No. 1, July 2000
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method, which in principle could allow for dissipation an
more complicated reflection processes, is carried out in
frequency domain and so is restricted to data which is fa
accurately periodic. Both methods have been shown to w
well, and to give consistent answers when both are ap
cable. For the particular system used in the measureme
the time-domain approach is more versatile.

The results are in good qualitative agreement with m
surements of the frictional characteristics of rosin from
different stick-slip oscillator.4 They show very clearly tha
the friction force cannot be expressed as a function of
instantaneous relative sliding velocity, a model which h
been used almost universally in earlier studies of the mo
of a bowed string. When force is plotted against sliding v
locity, a hysteresis loop is obtained rather than a sing
valued function—an example is shown in Fig. 3~d!. It has
been suggested4 that a better model of rosin friction involve
the temperature at the contact point. Thermal inertia of
material around the contact results in a time lag betw
temperature and sliding velocity, which, it is argued, is
sponsible for the observed hysteresis. Simulation of sti
slip motion using a model based on this idea, together w
parameter values appropriate to the experimental rig, p
duces encouraging qualitative agreement with the meas
results~see Fig. 6!.

This idea is supported by another aspect of the meas
ments reported here. After it has been used, once only, in
bowing rig, the glass rod can be examined in the scann
electron microscope. A track is left in the rosin surfa
which contains a great deal of information about the hist
of deformation and friction in the rosin layer. An example
shown in Fig. 7~a!. Each interval of sticking leaves a con
spicuous scar on the rosin surface. During slipping a t
layer of highly-deformed material is visible, as expect
from the thermal model. The history of relative displaceme
between string and rod, revealed by the track, is in go
quantitative agreement with that deduced from the veloc
waveform.

With this technique we expect to be able to correlate
friction force and the string velocity with position along th
friction track and thus correlate the morphology of the int
faces of the wear track with the forces and velocities ass
ated with those events. We will be able to vary both t
substrates and the intermediate material—rosin here—
probe how material properties control stick-slip oscillatio
in this system. This work will lead to a better understandi
of the interaction of autonomous dynamical systems and
frictional forces that drive them. We should ultimately b
able to provide information which will lead to a more acc
rate and reproducible production of rosin for bowed-stri
musical instruments.
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