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THE LOW FREQUENCY VIBRATION OF A RIBBED CYLINDER,
PART 1: THEORY
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The theory of vibrations of a cylinder braced by circular T-section ribs spaced regularly
along its length is presented. Transmission experiments to validate the theory have been
carried out on a ribbed cylinder model and these are described in an accompanying paper.
Sufficiently detailed theoretical modelling of the ribs has enabled very good agreement
between theory and experiment to be obtained.

1. INTRODUCTION

The modes of vibration of thin cylindrical shells have been studied by many authors. A
number have also attempted to model such shells with supporting frames or ribs: see,
for example, references [1-4] and other papers cited therein. In this paper a rather detailed
theory is described, capable of treating the case of a cylindrical shell, of thickness h and
radius a (h< a), which is braced by a large number of circular T-section ribs spaced
regularly along its length with separation d. The treatment includes dynamical modelling
of these ribs to allow for deformations of their cross-section during vibration. Figure 1
shows a sketch of the sort of geometry being studied, and defines notation for the various
physical dimensions. Experiments have been carried out on a ribbed cylinder model of
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Figure 1. Sketch of the ribbed cylinder geometry, showing (above) an axial cross-section with axes and shell
displacement components, and (below) an enlarged view of the rib cross-section defining the notation for the
heights and widths of the web and flange.
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this kind in order to validate the theoretical madel described here. The results of those
experiments and a comparison with the theory are described in the accompanying paper
[5]

In this paper the freely propagating travelling waves on an infinite ribbed cylinder
in vacuo are determined by using a method in which the effects of fluid loading can easily
be incorporated in future work. Of course cylindrical structures of practical interest are
of finite length, but they are often long enough that the infinite system gives a good idea
of the transmission properties and general modal distribution on the finite structure. The
precise determination of individual modal frequencies, which will not be attempted here,
would necessitate the modelling of the ends of the cylinder. Approximate values for these
frequencies can, however, be obtained by taking the travelling wave frequencies at discrete
values of the wavenumber along the cylinder axis as described below.

In this introduction the general approach to the calculation is outlined. The treatment
of periodicity is similar to that adopted by Mead and Pujara for periodically supported
beams [6]. The treatment of cylindricality is based on work of Arnold and Warburton
on thin cylindrical shells [7] to which extensive reference will be made throughout the
present paper. It is convenient therefore to use the Arnold and Warburton notation and
system of axes (see Figure 1) except that, instead of (u, v, w), (&, &, &) are used for the
axial, tangential and radial (inward) displacements of a point on the middle surface of
the shell, and the cylinder is taken to lie along the z- rather than the x-axis. Cylindrical
polar co-ordinates (z, 8, r) are used.

The treatment of periodicity is greatly simplified by choosing to determine the travelling
waves. For a cylinder of infinite length and rib spacing d, travelling wave solutions can
be found which, so far as their z-dependence is concerned, have simple transformation
properties of the form

E(z+ md)=e* " £(2). (1)

To use this result one clearly has to consider complex values for the spatial variation of
displacement. If one does this the cylindrical symmetry also enables one to choose
displacements whose angular dependence is of the form exp (in.8) where n. is an integer.
Such displacements are of course combinations of solutions having the usual cos n.6,
sin n.0 angular variation. Similarly, on a finite cylinder with simple boundary conditions
the z-variation of modal displacement is a combination of the forward and backward
travelling wave solutions above. The transformation property of travelling waves in a
periodic system, equation (1), is a result known as Bloch’s or Floquet’s theorem [8]. It
means for example that the axial variation of the shell displacement £(z) can be factorized
into exp (igz)f(z) where f(z) is periodic. This in turn means that the z-dependence of
each ¢ can be expressed as a Fourier series containing axial wavenumbers g+2mn/d
with integer values of n [6]. The Bloch wavenumber g is defined to be the wavenumber
in this set which lies between 7/d and —#/d, and it is denoted here by a different symbol
from that of the conventional wavenumber k. Each of these Fourier components represents
a diffracted wave produced by the “grating” of ribs. In the present problem Bloch’s
theorem can be viewed as a consequence of diffraction by the ribs, though in fact it is a
rather more general result, valid also for systems of coupled pendula for example.

To calculate the travelling waves the Rayleigh-Ritz variational principle can be used
with the Fourier coefficients of the shell displacements as variational parameters. In the
absence of internal degrees of freedom for rib motion these coefficients determine not
only the shell, but also the rib configuration and energy. In that case they provide a
complete description of the problem provided enough Fourier components are included
to model the wave shapes accurately. In the calculations presented here usually five terms
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have been included in the expansion of each component of the shell displacement. Tests
in which a larger number of terms were included showed no appreciable change in the
results for mode frequencies in the range studied. Bending stiffness of the shell ensures
that its displacement varies smoothly in space and the Fourier expansion must be rapidly
convergent as was found by Mead and Pujara [6] for periodically supported bending
beams.

The space harmonic representation of the shell displacement used here has two im-
portant advantages. First, one can write down the potential and kinetic energies of the
cylindrical shell in terms of the Fourier coefficients by referring to the work of Arnold
and Warburton [7] without needing to do any further calculation. In this approach the
treatment of a ribbed cylinder is not very much more difficult than a ribbed flat plate,
especially if the ribs are asymmetrically placed about the plate, when in-plane motions
are coupled to normal motions for the plate as well as the cylinder. Second, the effect of
fluid loading, to be included in future work, is easiest to take account of in the space
harmonic representation, as has been pointed out recently by Mace in connection with
studies of periodically stiffened, fluid-loaded flat plates [9, 10].

It is perhaps surprising that most of the difficulties in implementing this approach arose
in connection with modelling the motion of individual ribs, in comparison to which
periodicity and cylindricality were easily taken into account. As the calculations progressed
the necessity of describing internal degrees of freedom of the ribs became evident. By an
internal degree of freedom is meant a motion of the rib which can occur even if the
cylindrical shell is held fixed. In the present case the most important one is a cantilever-like
resonance of the flange and web sketched in Figure 2. The frequency of this resonance

Figure 2. Sketch of a portion of the cylinder shell and rib cross-section for a (greatly exaggerated) typical
motion. The dashed lines indicate the rib configuration in the absence of the cantilever internal degree of freedom.

increases with n, but for our particular geometry it lies within the range of frequencies
and n, values studied. To incorporate this degree of freedom, the shape of the web during
vibration is described by a cubic expression. The result is to introduce two more variational
parameters, since the second and third radial derivatives of the web displacement are not
directly related to the shell displacement. Together with the 15 generalized co-ordinates
describing the shell (five Fourier coefficients in each of three Cartesian components of
the shell displacement) this gives a total of 17 generalized co-ordinates to be varied.
Applying the variational principle then leads to a 17 X 17 matrix eigenvalue problem for
the travelling wave.

2. GENERAL APPROACH

The calculation in detail of the freely propagating waves on an infinite ribbed cylinder
can now be started. In this section a suitable set of generalized co-ordinates is chosen.
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This is followed by a discussion in general terms of how the potential and kinetic energies
of the various components of the ribbed cylinder can be expressed in terms of those
generalized co-ordinates, and some notation is introduced. The detailed calculation of
the various energy terms is carried out in section 3, and the synthesis of those into the
final variational model for which a computer program has been written is discussed in
section 4. Some results of that program are presented and discussed in section 5.

As outlined in the previous section, the components of the cylinder displacement are
described by sinusoidal 6 variation and a Fourier series in z. It is convenient to take
explicit account of the fact that the radial displacement &; is always in quadrature with
the other two components (cf. Arnold and Warburton [7], equation (6)), and also to
choose signs to achieve compatibility with Arnold and Warburton. Thus define

&= —‘é coexp[i(Qz+nd)]l, & =% C2,0 exp [i((Qz + n.8)],

&=1) ;0 exp[i(Qz+nb)], (2)
Q

where all the sums are taken over values of Q given by
Q=q+2wn/d, n=0, 1, £2,..., £Np. (3)

The series is usually truncated at Ny =2.
The three components of displacement at the root of the mth rib are equal to d; exp (in.8)
times the factors —1, +1, i appearing in equation (2), where

d;=exp (igmd) ¥, ¢; o, i=1,2,3. 4)
Q

As mentioned in the previous section, it was found necessary in the course of developing
this theoretical model to allow for some internal degrees of freedom of the individual
ribs. Within the frequency range of interest, all that was needed was to allow the rib webs
to bend in a way adequately modelied by allowing d; to vary with distance from the rib
root according to the expression

d,(x)=exp (igmd) i b x*71, (5)

where x = a —r. The cubic expression represents static bending of the web exactly, and
is thus an adequate approximation until the mass of the web begins to play a significant
role in the dynamics of the vibration. Obviously for a more complete treatment or for
different geometry one might have to make d, and d, depend on the co-ordinates in some
similar way, but it will turn out that for the present problem the potential and kinetic
energies associated with those components of motion can be calculated sufficiently
accurately in terms of displacements at the root.

It is convenient to introduce two further variables to describe the rotation and axial
displacement of the flange round the circumference. One writes ¢, exp (in.0) for the
rotation and d; exp (in.0) for the axial displacement of the flange centre, where

4 4
by =exp (igmd) ¥, (a—1)bt3 2, dy=(¢st;/2) +exp (igmd) % bt 6,7)
a=1 a=1

Not all of the ¢’s and b’s introduced above are independent. At the root of each rib, the
position and angle of tilt are determined by the cylinder motion by continuity requirements.
These conditions mean that

b,=% ¢0, b,=-% Qc; o (8)
o )
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It is clear that the potential and kinetic energies of the shell and ribs can ultimately be
reduced to a quadratic form in the generalized co-ordinates c; o, b; and b,. One may then
apply Rayleigh’s principle in the usual way to obtain the frequency and form of each of
the allowed travelling waves with the given n, and q.

Both potential and kinetic energy are decomposed into a number of components for
ease of calculation. First, one separates the total potential energy S into

S=S"+S", 9)

representing the contribution from the shell and the ribs respectively. Next, one can note
an important consequence of symmetry. The effect of cylindrical and periodic symmetry
has already been discussed. An isolated rib also possesses a mirror symmetry about the
plane, normal to the cylinder axis, in which the rib lies. Motions having different reflection
symmetries in this plane cannot be coupled by the rib. Thus symmetric in-plane motions,
i.e., & and &, are decoupled from antisymmetric axial motions &;,. (This is an example
of a distinction which has been drawn in more general terms by Mead [11], in his division
into “type (i) and “type (ii)”’ coupling co-ordinates.) The modelling problem thus breaks
down into two parts which may be treated separately, and one decomposes the rib potential
energy into antisymmetric and symmetric contributions relative to the symmetry plane:

S"=5"48", (10)

The final subdivision one needs to make is that for the antisymmetric motions the
contributions from the web and the flange are to be calculated separately. Thus one writes

57 =8"+ 5" (11)

The combined effect of these subdivisions is thus
S=8"+S"+85"+5" (12)

and one similarly decomposes the kinetic energy:
T=T+T"+T"+T" (13)

In the next section the evaluation of these various terms is presented. It will turn out
that S° is naturally calculated as a quadratic form in the ¢; o, while S™ is initially calculated
as a quadratic form in d, and d;, and $"* and S’ are initially calculated as quadratic
forms in the four b,. Kinetic energy terms are of course similarly calculated. In section
4, one substitutes for the d’s, b, and b, in terms of the set of generalized co-ordinates
and gathers up terms to give the required overall quadratic forms for S and T.

3. EVALUATION OF POTENTIAL AND KINETIC ENERGY TERMS
3.1. MOTION OF THE SHELL

Since one wishes to apply the variational principle to the travelling waves satisfying
equation (1), one is forced to consider complex displacements. Expressions for potential
and kinetic energies must therefore be generalized to take account of this. For the potential
energy of the cylindrical shell, equation (3) of Arnold and Warburton is generalized to

E 1~
S° :2(1 _aa-—z) JJJ[(&?@%- efe,+o(efe, + efez)+( > U) efyezy] dodzdr (14)

where in the present notation the strain components are given by Arnold and Warburton
as

€, = £, — XKy, e, = £, XKy, e, =y —2xr (15)
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g, =9¢,/0z, e,=(1/a)(0&,/00 — &), y=0&/0z+(1/a)o&,/ a9,
K1 =0°6/02%, ko= (1/a*)0°&/00%+0&,/00),  1=(1/a)(9°&/0200+0&,/8z). (16)
Here x denotes radial distance (positive inwards) from the middie surface of the shell
as before, E is Young’s modulus, and o is Poisson’s ratio. The kinetic energy of the shell
is similarly generalized.
In terms of the generalized co-ordinates ¢;, the potential energy of the shell is thus
SS=§§C§',‘QS?J-(Q)CLQ (17)
per bay of the structure, where the matrix Sj; is given by
1=C[A’+(1-0)n?/2], 12= 85, =-C*(1+0)An/2,
13=83,= C’oA, 2= C[(1-0)(1+4B)A%/2+ (1+ B)nZ],
§53=85==C'n{1+Blni+(2-)A’},  S5=C'[1+BA°+n)’],  (18)
C*=mEhd/a(1-0%), A=Qa, B=h’/124a" (19)

The matrix elements Sj are real, and lead to equations of motion for the shell identical
in form to those in the Appendix of Arnold and Warburton.
Similarly, the kinetic energy per bay is

T = wzﬂpahd Z ZC?,(QC,"Q, (70)
Qi
where p is the volume density of the shell.

3.2. SYMMETRIC IN-PLANE MOTION OF THE RIBS

For in-plane motion of the ribs, the appropriate expression for potential energy in
terms of strain components is that for beam theory, suitably generalized to allow for
complex displacements:

S™ =1FEa J de J dx l(x)lzeﬁeyﬂl- (21)

L ]
21+0) |
Here I(x) represents the rib profile: i.e., its width in the axial direction as a function of
distance measured inwards from the middle surface of the shell. It will turn out to be
important that this profile is asymmetric with respect to the middle surface of the shell—this
will be discussed in section 5 when some results from the complete theoretical model are
examined.

The first term in equation (21) corresponds to the normal theory for the bending and
extension of thin beams. The second term represents shearing motion. It was found
necessary to retain this term and use a treatment analogous to Timoshenko beam theory
(see e.g., reference [12], p. 109 f.). The reason for this lies in the detailed geometry of
the ribs. The thinness of the web means that the potential energy of stretching of the rib
flange can be accommodated to a considerable extent by shear in the rib web. Thus the
shear correction is significant at much lower frequencies than would be the case for
rectangular section ribs but, on the other hand, the simple Timoshenko-like treatment is
adequate over a larger frequency range than would normally be the case (see reference
[12], loc. cit.).

The potential energy of the rib for in-plane motion can now be discussed, with the
shear contribution neglected, as was done in the initial calculations. The effect of shear
is discussed in the Appendix. For the moment then, the second term in equation (21) is
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neglected and the first term evaluated by using equations (15) and (16) for e, &,, k,

which give the compressional strain variation through a thin beam in which there is no
shear. Thus S™ becomes

S™=3Ea J do[ (e e;) — L(e3 kot £63) + La(kF k5)], (22)
where I, I, and I are the moments of the rib profile, defined by
I= J x)dx, I,= J xl(x)dx, Ie= J x2(x) dx. (23)

Now one substitutes equations (15) and (16) for &, and «, and notes that, at the rib,
& is equal to d; exp (in.6) multiplied by the factor —1, -+1, or i as in equation (2). One
then obtains

S =85(dfd,)+ S33(d3ds+ dYdy) + S(d¥ds), (24)
5= C"nill,— 2L/ a)+(Le/ a®)],
85 =—C"n I~ (ni+1)(L/ a) +(niLz/ a%)],
3= C [~ (2n:L/a)+(nilz/ a®)], (25)
where C” = wE/ a, (26)

and d, and d, are the rib tangential and radial displacement co-ordinates. One can note
in passing two features of this expression. The first is the absence of the factor (1—o?),
which occurs in plate theory but not in beam theory. This arises because the tendency
of Poisson’s ratio to produce “contrary curvatures” can operate freely in a beam but is
constrained in a plate. The second is the existence of terms depending on the first moment
of the rib cross-section I, which arise from the asymmetry of the rib with respect to the
middle surface of the shell as mentioned above. The effect of shear is discussed in the
Appendix. The main result derived there is that shear is included simply by replacing I,
I,, 12 in equation (25) by Jy, J,, J2 defined by equation (A12).
The kinetic energy of in-plane rib motion can be approximated by

2 r
Tt I d0(E5 &, + £ 8) = wPmam'(dF dy+ di dy), 7

where m” = pl, is the mass per unit length of the rib. In this approximation the kinetic
energy is treated as if all the mass of the rib were concentrated at the middle surface of
the shell. Corrections to this result could be included quite easily, but as far as can be
seen they are of rather minor importance.

3.3. ANTISYMMETRIC AXIAL MOTION OF THE RIBS

The detailed modelling of the rib is even more crucial as far as axial motion is concerned
because of the existence of a cantilever resonance of the rib flange and web which lies
in the frequency range of interest. This resonance does not just shift frequencies but
introduces a new band into the dispersion curve as will be seen in section 5.

One can first treat the web. This forms a thin flat plate of annular form, so that its
potential and kinetic energies may be expressed immediately in terms of its normal
displacement (see, for example, the book by Rayleigh [13], § 214). One could thus evaluate
both energy terms completely from the assumed form for the normal displacement from
equation (5). However, since the web is narrow compared to its mean radius and thin
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compared to the flange, it is sufficiently accurate to use the approximate expression

wEah’ J‘IW
W ——— 1 di(x)*d{(x) dx. 28
il RCHONHEOLE (28)
The web kinetic energy is given by
T** = w’mpah,, J wdl(x)*dl(x) dx. (29)
0

Substituting equation (5) into equation (28) gives for the potential energy

wEah, 13?7 (a = 1)(a~2)(B = 1)(B-2)
12(1-0%) a+pB-5

S* =Y bkS.5bg, o= (30,31)
- 898 B

(zero if either @ or B is 1 or 2). Similarly, one can define a matrix
we = mpah, 1 P (a+ B 1) (32)

for which the quadratic form corresponding to equation (30) gives the kinetic energy
when multiplied by .

One can now treat the flange. For the sort of geometry illustrated in Figure 1, hy is
substantially larger than ¢; and it is therefore appropriate to treat the flange as an element
of a cylindrical shell (radius a;). Apart from one minor modification to be discussed
below, its potential energy can be deduced from equation (14) for thin shell theory. One
starts by minimizing statically with respect to e, to obtain

E 1 :
NG :%JIJ |:e’y“ey+2(1+o_) e’z"yezy] deé dz dr, (33)

in the same way that one obtains equation (21) for the symmetric in-plane motion of the
rib. Provided h,<a,/n. the bending associated with the axial motion of the flange obeys
thin beam theory. There is therefore no shear in the middle surface: i.e., y in equation
(16) must vanish. This condition allows one to determine the remaining non-zero strain
components in terms of dr and ¢, the flange displacement and rotation co-ordinates
introduced in section 2. Since one is considering antisymmetric motion the axial, tangential
and radial displacements are given by

&= —df exp (in.0), &=—(z/ af)a-fl/ae, &3 = z¢py €Xp (in0), (34)

where z is the axial displacement from the flange centre. On substituting into equations

(16) and (17) and then into equation (33), integrating through the flange cross-section
and round the circumference, one obtains

Eh,t n? * n? 1 * 1
Sfa:u[hz( +_cd)( e )+ j 2( " )( Y )]
124, 7\ &r oY o afdf I'tgn| ¢ afdf ér afdf , (3%
ar=a-h/2—t,—1/2, I'=2/(1+a). (36)

The term proportional to «} is in comparison negligible provided hy <as/n,.

In this derivation the in-plane strain assumption common to thin shell theories has
been made (i.e., terms involving shear components e,, as in equation (21) are neglected).
By analogy with the theory of the torsional rigidity of bars of rectangular cross-section
[14], it is clear that this assumption must break down within a distance of the order of
tr from the side faces of the flange, the effect being to reduce the rigidity. For the present
circular flange geometry I' in equation (35) may be reduced in an ad hoc, if plausible,
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fashion by using the factor appropriate to a straight bar (reference [12], p. 93). This
correction has been found to make remarkably little difference to the results but it is
included in the final calculations.

In terms of the variables ¢ dj; the kinetic energy of the rib flange is
Tfa = wz’TTpafhftf( d?df‘*‘ R}d}}k(bf), (37)

where R} = (h;+17)/12 defines the radius of gyration of its cross-section.
One may define potential and kinetic energy matrices for the flange by substituting
equations (6) and (7) in equations (35) and (37). The potential energy is then

§° = zﬁ bk S b, (38)
Slip = (@=1)(B = 15" ™Syt (a+ B =215 Sy + 1578728,
Sls = Sge+ 1:Spa +4t7Suq S'a = Sea +3tSaa, (39)
with S;4, €tc., the coefficients in the expansion of equation (35), being given by
Sye = (mEhste/12a,)(h}+ I'tin?), Sga = (wEhst;/12a5)(hj+ T'thn?,
Saa = (wEhst;/12a3) (hjne+ T'tin?). (40)

In a similar fashion the flange kinetic energy defines a matrix sz{f‘B obtained by
substituting the coefficients of the expansion of equation (37),

in the places of Sy, Ssa, Saa in equation (39).

4. COMPUTATION OF THE COMPLETE MODEL

One can now reduce all potential and kinetic energies to quadratic forms in the basic
generalized co-ordinate set as described at the end of section 2. One therefore substitutes
equation (4) in equation (24), equation (8) in equations (30) and (38), etc., and collects
up terms including equation (17) for the shell. Applying Rayleigh’s variational principle
gives a matrix eigenvalue equation for the travelling waves and their frequencies. This
equation is presented here in the form in which it appears in the computer program
developed to do the calculation. To do this one must number the generalized co-ordinates.
One thus defines

mi=n—Ngti(2Ny+1), nj=n'—Ng+j(2No+1). (42)

Here n and n’ run between + N, which defines the truncation of the Fourier series in
equation (2). Now n; and n; are the numbers assigned to the co-ordinates ¢;o and ¢ o
with Q=q+2mn/d and Q' =q+2wn'/d. In addition

are the numbers assigned to the co-ordinates b; and b,.
The matrix eigenvalue equation has the form

¥ [S(a)= (@) T(g)]ye, =0, (44)

where ¢ is the eigenvector, w(g)” the eigenvalue and the matrices S(q) and T(q) have
rank m, (usually 17). The matrix elements of S(g) and T(q) are related to the matrices
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given in equations (18), (25), (31) and (39) and are defined as follows:

S(ny, n) =81+ S118,w,  S(ny, n5) =838,  S(my, ni)=—(q+2mn’/d) ST+ Si38um,
S(ny, nh) =85+ 858,  S(ny, n3)=583+5%8,,
S(nsy, n3) =S5+ (g+2an/d)(q+2mn'/d)Sp+ 5336,
S(n,, mg) =S5, S(n,y, mg)=0,

S(ns, mg)=—(q+2mn/d)S55,  S(mg, mg) =S5, (45)

where « and B now run from 3 to 4, and Sj; depends implicitly on Q=gq+2wn/d via
equations (18) and (19). S(1,1) is used to denote the matrix element S,; and so on,
simply to avoid having subscripts of subscripts. These equations completely define the
matrix S since it is symmetric. The kinetic energy matrix T is defined by substituting on
the right-hand side of equation (45) matrices obtained from equations (20), (27), (32)
and (37). These are given by

T} =wpahdd;,  i,j=1,2,3, Ty=mam's, ij=2,3 (46, 47)

while T7j is the sum of equation (32) and the matrix obtained by substituting equation
(41) in equation (39).

A computer program has been developed to calculate the matrices S(q) and T(q), and
thus to determine the eigenvalues and eigenvectors corresponding to equation (44). In
the next section some results of numerical calculations are presented and discussed, but
the bulk of the results and discussion is saved for the companion paper [5], where
- comparisons are made with measurements. There is one small point about some of these
results which should be noted here: sometimes not only the frequency w(q) is required
but also the group velocity dw(q)/dq. The latter could be obtained by numerically
differencing the w’s for nearby g values, but more accurate values can be obtained as
follows. For a small increment in wavenumber 8q the change in eigenvalue Sw” is
determined by 8S(q) and 8T(q), the increments of the matrices in equation (44). From
first order perturbation theory one therefore obtains

do 1 (gg_ 2dT)
dg ¥ dq

=50

o 4
dq 20 & __Cxcja ( 8)

ij
where the matrix in round brackets is obtained by differentiating equation (45) with
account being taken of the implicit g dependence of S} (3 . Tyac is normalized to unity).

5. RESULTS

The main problem with presenting the results of the numerical calculations is that there
is a lot of information to convey, and this cannot all be shown on any one picture. Thus
three different types of plot are used in an attempt to highlight important aspects of the
behaviour. The first shows frequency against n. for two values of axial Bloch wavenumber,
q =0 and g = 7/d (Nyquist), and the second shows frequency against axial wavenumber
q for fixed n. Between them these two show the pattern of stop and pass bands arising
from the periodic structure, in its dependence on the two components of wavenumber,
axial and circumferential. The third type of plot shows inverse group velocity against
frequency, and examples are shown in the accompanying paper, where they provide
theoretical comparison with experimental sonograms [15]. The frequency axis of all these
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plots is marked in units of the ring frequency

f,=(1/2ma)E/p(1-0*)]"?, (49)

and they all cover a range from 0 to 3f,.

There is another aspect of the results which one would also like to see: namely the
forms of the mode shapes corresponding to the different modal frequencies. It is very
hard to show these in any complete way, but an attempt has been made to give some
relevant information on the same pictures. As explained in the accompanying paper [5],
in the measurements the cylinder was excited in three different positions in order to focus
attention on different types of motion: radially on a rib, radially at mid-bay and axially
on a rib flange. Therefore it is shown for each mode which of these three measurement
positions should give the strongest response, by using three different plotting symbols: a
square denotes that radial motion on the rib is strongest, a diamond, radial motion in
mid-bay, and a circle, axial motion on the rib flange. Thus one has calculated d,, &; at
mid-bay, and d; from equations (4), (2) and (7), determined which is largest in amplitude,
and plotted accordingly. While this approach to showing mode shape information works
fairly well, there are inevitably some undesirable side-effects. In particular, there are some
modes for which the motion is primarily within the shell surface. In such cases, the motion

rib resononce

Frequency

rib
resonance
€ b

0 16
Angulor order, n,

Figure 3. The positions of the pass bands for the ribbed cylinder, for values of n, from zero to 16. Pass bands
are shown as vertical lines. The band edges are joined up by continuous lines, solid for zero Bloch wavenumber
and dashed for Nyquist Bloch wavenumber, as an aid to the eye. The narrow band arising from the cantilever
rib resonance is indicated. The frequency axis is marked in units of the ring frequency f,. The cylinder motion
associated with these bands and the labelling of their edges is explained in the accompanying paper [5]. The
plotting symbols indicate the nature of the motion associated with each point as explained in the text, in the
second paragraph of section 5.
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is not strong in any of our three positions, and the program tends to produce random
changes of plotting symbol!

A plot of frequency against n. for zero and Nyquist axial wavenumber is shown in
Figure 3 for the complete theoretical model. In the figure the points have been joined up
by continuous lines for zero wavenumber and dashed lines for the Nyquist wavenumber;
this is done for the purposes of visual interpretation only. These lines have been given
the same labelling as in the accompanying paper, where a qualitative description of the
cylinder motion associated with the bands is given. Note that the symbols plotted in the
figures are consistent with the modal types indicated in Figure 2 of that paper. The pass
bands are indicated by vertical lines joining the points. For this purpose it has been
assumed that the band edges occur at zero and Nyquist wavenumbers, which is usually
but not always the case, as will be seen shortly. The in-surface branches, where the modal
density is low, have been largely ignored. However, the lower edges of the in-surface
branches are shown as lines labelled A-A and B-B (the former interacts and mixes with
the rib resonance band in the region of n. =1, where the two lines would otherwise have
crossed). The internal structure of the pass bands including that of the in-surface branches
may be understood from the more comprehensive plots of frequency against axial
wavenumber for individual n, values to be shown below.

For an interpretation of Figure 3 the reader is referred to section 2 of the accompanying
paper in which the qualitative vibration behaviour of a ribbed cylinder is discussed in
some detail. Here it is relevant to elaborate on one rather striking feature mentioned

rib resonance

Frequency

-

rib / €

resonance
~ G

Anguiar order, n,

Figure 4. Exactly as Figure 3, with the same rib geometry, but on a flat plate rather than a cylinder.
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there. The initial dip in frequency of the line e-f as n, increases is a result of the asymmetry
inrib profile mentioned in section 3.2, and arises in the following way. Line e-f corresponds
to a mode at the Nyquist wavenumber for which the rib motion dominates, as can be
seen from the square plotting symbol. This motion consists of circumferential bending
without axial displacement or twisting, and in principle would include a tangential as
well as radial component. However, at this wavenumber the cylindrical shell moves only
radially in its lowest mode (£, =0): any tangential component of the motion would
introduce a large shear energy in the shell which can be avoided at the expense of the
smaller extensional energy associated with purely radial motion. The constraint & =0
defines the neutral axis for bending of the rib where the circumferential extension e,
vanishes: as can be seen from equations (15) and (16) this axis lies a distance a/n? inside
the shell. The bending energy of the rib is a minimum when the neutral axis lies in the
flange which, for the dimensions of this particular ribbed cylinder, should happen close
to n, = 4. This is where the minimum in line e-f is seen in Figure 3.

It has also been thought worthwhile to show on the same scale the band structure of
a ribbed flat plate. This gives an idea of the importance of effects due to cylindricality
in the previous results. The plot has been obtained by running the programs for a cylinder
of very large radius but with all other dimensions, shell thickness and geometry of rib
cross-section, being left the same as for Figure 3. Of course, the modes on a finite cylinder
have discrete values of circumferential wavenumber n./a, whereas those on a flat plate
have a continuous range of corresponding rib trace wavenumbers. In Figure 4 the bands
are shown only at discrete trace wavenumbers having the same values as the circumferential
wavenumbers in Figure 3. There is general qualitative similarity between Figures 3 and
4, but the frequencies in Figure 3 are systematically higher because the surface of a
radially vibrating cylinder has extra stretching energy absent for a flat plate. 1t is clear
that one cannot expect accurate results at these low frequencies from flat-plate modelling
of a ribbed cylinder.
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Figure 5. Plots of modal frequency against Bloch wavenumber g along the cylinder axis for the same ribbed
cylinder studied in Figure 3, for selected fixed values of n.: (a) n,=0; (b) n.=1; (¢) n.=4; (d) n.=8; (e)
n. = 14. The plotting symbols and marking of the frequency axis are exactly as in Figure 3.
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Figure 5 (cont.)

The plots of frequency against axial wavenumber ¢ for fixed n, show the internal
structure of the pass bands. Figures 5(a)-(e) show results for selected values of n. In
these figures one shouid really be showing continuous dispersion curves since the calcula-
tions apply to an infinite cylinder. In fact the results are shown at discrete values
q=(n/44)(m/d), n=0to 44. Thege values were chosen to give some idea of the spacing
of individual modal frequencies of the experimental ribbed cylinder, which is 44 bays
long. The modes for the finite cylinder are of course formed by superposing the forward
and backward travelling waves for +g and —g which have the same frequency. The
precise modal frequencies of the model will depend on the boundary conditions at the
ends of the cylinder, but a proper treatment of that problem lies beyond the scope of
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this paper. It is sufficient for present purposes to note that imposing realistic boundary
conditions can only shift the individual frequencies of the order of the modal spacing
(see for example the discussion of the effect of constraints on mode frequencies given in
reference [13], § 92).

The bands in these figures have been plotted with different symbols used to indicate
modal character as explained above. Each figure consists in the main of a series of bands
of given modal types. Where such bands tend to cross, there is frequently some coupling
between the different types of motion which leads to mode mixing and band repulsion.
Examples are provided by Figures 5(a) and (b) for n.=0 and 1, where one sees two
bands rising steeply from the origin representing the in-surface compression and shear
waves which have high axial velocity. (These are the bands for which the plotting symbols
are more confusing than useful, as mentioned above.) These two bands move rapidly out
of the top of the figure as n. increases. The more steeply rising of the two corresponds
to axial compression waves, and this couples to the other bands as it passes them through
the effect of Poisson’s ratio. The less steeply rising branch represents torsional motion,
which for n,=0 does not couple to other branches, although it does couple for n,=1.
Notice that when such coupling and band-repulsion takes place, the extreme frequencies
of a given pass band may no longer correspond to zero or Nyquist axial wavenumber,
as illustrated for example in Figure 5(a) near the top left corner.

The type of motion in the remaining three bands, two of which have moved out of the
top of the figure for n.= 14, is indicated by the square, circle and diamond plotting
symbols (see above). As is discussed in the accompanying paper [5], these three remaining
bands comprise the rib-resonance band (circles) and the two bands dominated by radial
motion of the shell which occur in our frequency range even in the absence of internal
rib degrees of freedom (squares and diamonds). Note that in the lowest band radial
motion at the ribs is largest at n. =4 but by n. =8 radial motion between the ribs has
become dominant. This is due to the change of the constraining action of the ribs on the
shell from mass-like to spring-like behaviour as n. increases. For n,=4 and 8, mode
mixing may be seen in the two lowest bands in the vicinity of the Nyquist wavenumber
where the plotting symbols change from squares to circles and vice versa. Mode mixing
also occurs where the lowest bands try to cross for n, =1 (Figure 5(b)), but the repulsion
effect is small here because the coupling between these bands is weak.

6. CONCLUSIONS

A theory of the vibrations of a ribbed cylinder which is capable of taking into account
not only the effects of cylindricality but also internal degrees of freedom (resonances) of
the ribs has been presented. The theory predicts the travelling wave solutions ,on an
infinite ribbed cylinder, and gives information about the modal character and distribution
of modal frequencies on a long but finite cylinder. The approach taken means that it will
be comparatively easy to extend the theory to include effects of fluid loading in future
studies.

In this work the cantilever resonance of the rib has been included as an internal degree
of freedom. It should be pointed out that for substantially higher frequencies or altered
geometries other internal degrees of freedom of rib motion may have to be considered.
These could be treated in much the same way as used here for the cantilever resonance.
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APPENDIX

Here the effect of shear in modifying the modelling of in plane rib bending in section
3.1 is discussed. The effect may be described by a field of shearing displacements £5(x, 6)
in the tangential direction which vanish on the middle surface of the sheil. These are
superposed on the body displacements assumed in shallow rib theory in which there is
no shear. In consequence equation (15) for e, is changed to

e, =&y~ xK,+a"(8¢5/06) (A1)
while the shear strain is given by
e, =3&5/0x+a g5 (A2)
Now assume a shear displacement profile
&= bo(x) e’ (A3)

which distributes the shear uniformly through the web but to order ¢,/a gives no shear
in the flange; i.e.,

O (A4

t, if x>t,
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With
g,=in e’ and Ky =iv e'"? (A5)
the potential energy of the rib is

1
2(1+0)

This expression may be expanded out in terms of the integrals

Sy=mEa J dx l(x){|n—xu+bv(x)nc/a|2+ b*b[v'(x)+v(x)/a]2}. (A6)

I,= J v(x)I(x) dx, (A7)

etc. (the same notation as in equation (23) is followed). The terms arising from |y — x»|*
are those given by equations (24) and (25) in which shear is neglected (b =0). The
remaining terms arising from shear are to order ¢,/a

S"(shear) = wEa[(n./a)*Kb*b+(n./a)(nl, — vI,)b*+c.c.], (AB)
K =TI2+[ad?*/2(1+ 0)n?]1,. (A9)

It is now assumed that b may be determined by static variation: i.e., minimizing equation
(A8) without reference to the kinetic energy. This assumption is reasonable since the

resonance of the rib web in shear motion has a frequency well above those of interest.
The result is

b= (ﬂIu - Vva)(a/ ncK) (AlO)
and the total potential energy is then
S =n*n(l, - I/ K) — (n*v+ v*n) (L — L1,/ K) + v*v(La =I5,/ K).  (Al1)

The previous result in which shear is neglected is equivalent to taking these equations in
the limit K —» o0 which corresponds to the circumferential wavenumber n/a tending to
zero. Clearly shear can be included in equation (25) simply by replacing I, I, I by the
values

L=1,-1*/JK, J.=L—-I,,/K  Je=IL:—I*/K. (A12)

The importance of shear in reducing the bending stiffness of the rib may be estimated
by setting I, = I, I,, = L2, I2= I since the rib flange is narrow (¢, « t,,). Thus I, which
controls the stiffness at large n, is reduced by a factor

Jo/Le=[1+2(1+0)nZ(t./a)’R]™, (A13)

where R is approximately the ratio of the cross-sectional area of the rib flange to that of
the rib web.






